Abstract: A method was presented for multi-objective optimization of material distribution of simply supported functionally graded (FG) sandwich panel, and sensitivity analyses of optimal designs were also conducted based on design variables and objective functions. The material composition was assumed to vary only in the thickness direction. Piecewise cubic interpolation of volume fractions was used to calculate volume fractions of constituent material phases at a point; these fractions were defined at a limited number of evenly spaced control points. The effective material properties of the panel were obtained by applying the linear rule of mixtures. The behavior of FG sandwich panel was predicted by Reddy's assumptions of third-order shear deformation theory. Exact solutions for deflections and stresses of simply supported sandwich panel were presented using the Navier-type solution technique. The volume fractions at control points, material, and thickness of the faces which were selected as decision variables were optimized by a multi-objective evolutionary algorithm known as the fast and elitist multi-objective genetic algorithm (NSGA-II). The mass and deflection of the model were considered the objective functions to be minimized with stress constraints. This model was optimized to verify the capability and efficiency of the proposed model under mechanical loading. The framework proposed for designing FG sandwich panel under pure mechanical conditions was furnished by the results.
Introduction
Functionally graded materials (FGMs), as advanced materials from the family of engineering composites, are made of two or more constituent phases and have a continuous and smoothly varying composition. These advanced materials which have engineered gradients of composition, structure, and/or specific properties in the preferred direction/orientation are superior to the homogeneous materials which are composed of similar constituents [1] . Designing objects with functionally graded material (FGM) distributions has been the subject of substantial research in recent years. This popularity is largely due to the many excellent and unique properties possessed by FGM objects, including the combined advantages of different materials, improved material compatibilities, and good adaptability to versatile working conditions [2] .
In the past few decades, the representation and modeling of the variation of FGM's volume fraction have been based on various functions , e.g. power-law, exponential function, sigmoid functions, trigonometric function and step-formed and polynomial functions. Similarly, FG components have been analyzed using different theories [3-16, 20, 23-31] , e.g. shear deformation theories, three-dimensional (3D) elasticity theory, quasi-3D shear deformation theory and layer-wise theory. There are also a few comprehensive reviews of principal developments in the modeling and analysis of FGMs [1, [32] [33] [34] in which almost all aspects of FG components are considered and listed.
It is worth mentioning that the performance of an FGM is not only a function of properties of its constituents phases, but also directly associated with the ability of a designer in using materials in the most optimal manner. Therefore, optimizing the material distribution is a crucial step for designing functionally graded (FG) structures. There are various optimization methods used to solve practical engineering problems. Among these, evolutionary algorithms are the most popular for designing composite structures [2, 22, 23, [35] [36] [37] [38] [39] [40] . In the optimization context of FGMs, much less research has been conducted on the analysis of these materials. In addition, most of these studies have been founded on thermo-mechanical conditions [2, 8, 10, 18, 19, 21, 22, 38, 41, 42] rather than mechanical conditions [9, 17, 23, 30, [43] [44] [45] .
Fares et al. [17] presented a multi-objective design and control optimization problem for FG plates using a first-order plate theory including the normal strain effect. The plate thickness and a homogeneity parameter of FG plates were considered as design variables to minimize the dynamic response and to maximize the buckling loads of FG plates with constraints on the control energy and plate thickness. Distributions of properties across thickness (core) and in the plane (face sheets) that minimized the interlaminar stresses at the interface with the core were presented by Icardi and Ferrero [30] . Bending stiffness was maximized while the energy due to interlaminar stresses was minimized. Qian and Batra [9] analyzed a bi-directional FG plate for optimal natural frequencies and used a genetic algorithm (GA) to optimize spatial volume fractions of the two constituents so as to maximize either the first or the second natural frequency of the structure. Lipton [43] introduced a methodology for designing the structural components made from composite materials in the presence of stress constraints. A steepest decent method was developed for finding FGMs that provided maximum torsional rigidity while keeping mean square stress inside the composite structure below a prescribed level. Optimal designs of an FGM dental implant were presented by Sadollah and Bahreininejad [44] . Moreover, metaheuristic algorithms such as GAs and simulated annealing (SA) were adopted to develop a multi-objective optimal design for FGM implantation design. Huang et al. [46] developed an identification algorithm based on an isoparametric graded finite element model to identify the material parameters of the plane structure of FG materials. The material parameter identification problem was formulated as the problem of minimizing the square sum of differences between measured displacement and calculated displacement by the isoparametric graded finite element approach. Ashjari and Khoshravan [23] presented a method for the single-objective optimization of material distribution of simply supported FG isotropic plates. A GA was adopted to develop a mass optimization with flexibility and stress constraints under various transverse loads. Their results indicated that the optimal volume fraction of FG plate represented a sandwich panel with FGM faces and homogeneous core which was geometrically symmetrical. These materials are now developed for general use as structural components. Thus there is need to provide comprehensive design optimization in the field of FGMs under purely mechanical conditions. In this article, a method was proposed for optimizing material distribution of simply supported FG sandwich panel, which was performed through demonstrating volume fraction variation of an FG sandwich panel using piecewise cubic Hermite polynomials. Volume fraction at a point was calculated via range-restricted interpolation of volume fractions at a limited number of control points which were equally spaced in the thickness direction [21] . The volume fractions at control points and the material and thickness of the faces were selected as decision variables because they could be changed to have different continuous volume fraction profiles. The behavior of FG panel was predicted by Reddy's assumptions of the thirdorder shear deformation theory (TSDT) [4, 7, 47] . Necessary equilibrium equations and boundary conditions were derived by employing the principle of virtual work. Exact solutions for deflections and stresses of simply supported panel were presented using the Navier-type solution technique. The volume fraction profile was optimized using the multi-objective evolutionary algorithm named the fast and elitist multi-objective GA (NSGA-II). The mass and deflection of the model were considered as objective functions to be minimized with stress constraints. This model was optimized to verify the capability and efficiency of the proposed model under mechanical loading. The present method was able to deal with any kind of loading that could be expanded to a trigonometric series.
This article is organized as follows. In Section 2, the volume fraction's range-restricted piecewise cubic interpolation, estimation of effective material properties and formulation, and trigonometric-series analytical solution of the FG sandwich panel are discussed. Details about the optimization algorithm are given in Section 3. In Section 4, the proposed method is utilized for analyzing and optimizing materials' distribution for one model problem. The proposed framework for designing FG sandwich panels under pure mechanical conditions is furnished by the results. It should be noted that Greek indices range from 1 to 2 and Latin indices from 1 to 3. It is assumed that material properties of the panel vary only in the thickness direction ( Figure 1 ).
Problem formulation

Volume fraction distribution
Optimizing the material distribution of a two-phase FGM is equivalent to optimizing the volume fraction profile V(x 3 ) of one of its constituent phases. The present formulation applied a limited number of control points in the thickness direction so as to decrease the number of design variables. The volume fraction of any thickness location of the core was calculated using piecewise cubic interpolation by the volume fractions at control points. Therefore, the volume fraction profile in the thickness direction of the core could be obtained by volume fraction values at control points [21] . The sum of N + 1 equally spaced control points is used in the thickness direction at locations (Figure 1 ). The physical constraints of the problem require the interpolated volume fraction to be strictly within the range of 0-1 at all points within the domain, i.e. 0 ≤ V(x 3 ) ≤ 1. For volume fraction modeling, a range-restricted piecewise cubic interpolation is utilized to obtain smooth material composition profiles. The restriction of the interpolation for remaining between the desired bounding values is obtained through setting upper and lower limits on the slope of the interpolated volume fraction distribution at the control points. The volume fraction distribution V(x 3 ) within the interval 1 3 3 3 [ , ]
n n x x x + ∈ is interpolated in the following way:
where volume fraction and slope of volume fraction distribution are indicated by V n and S n at the control point 3 , n x respectively. The definition of Hermite basis functions H k (x 3 ), the slope of volume fraction distribution, and boundary conditions of these slopes were presented by Vel and Pelletier [21] .
Estimating the effective material properties of FGMs
The fabrication of FGMs is considered by mixing two discrete phases of materials such as a distinct mixture of a metal and a ceramic. Accurate information of the shape and distribution of particles is often not available. Accordingly, effective material properties, e.g. elastic modulus, shear modulus and density, of graded composites are assessed only using volume fraction distribution and approximate shape of the dispersed phase. Several micro-mechanic models have been proposed over years for inferring the effective properties of macroscopically homogeneous composite materials [1] . In the present study, effective material properties were estimated using the simple rule of mixture of composite materials. Effective material properties P eff of the FGM layer such as Young's modulus E eff could be then expressed as:
where P j and V j are the material properties and volume fraction of the constituent material j, respectively, and the sum of volume fractions of all the constituent materials equals 1 [48] .
Reddy's TSDT
The displacement field of sandwich plate based on Reddy's third-order plate theory [4, 7, 36] could be written as the following equations:
where u α , u 3 and ϕ α are independent of x 3 and denote the displacements and rotation of transverse normal on the plane x 3 = 0, respectively. The displacement of Reddy's TSDT could be obtained by defining [4, 7, 36] The six strain components consistent with Eq. (3) could be written as: 
Subsequently, the elements of Eq. (5) in terms of displacement field are defined by [4] :
, , 
The stress-strain relationships based on transverse shear deformation in the plate coordinates can be presented as [4] ( ) ( n E α ω represent the components of the elasticity tensor for a transversely isotropic material of layer n with the plane of isotropy
in which Young's modulus and Poisson's ratio in the plane of isotropy of the nth layer are denoted by E (n) (x 3 ) and ν (n) (x 3 ) = constant. The shear modulus could also be defined as:
where ( ) 3 ( ) n G x ′ is the shear modulus in the plane perpendicular to the plane of isotropy. It should be mentioned that ( )
for an isotropic layer. Based on the principle of virtual work, it yields /2 ( ) ( ) 11 
where N αβ and M αβ are the basic components of stress resultants and stress couples; S αβ denotes additional stress couples associated with the transverse shear effects; and Q α3 indicates transverse shear stress resultants [4] . They could be presented as
in which h n and h n−1 are the top and bottom x 3 -coordinates of nth lamina. Subsequently, using Eq. (11), the equilibrium equations can be obtained:
Using Eq. (7) in Eq. (12), the stress resultants can be related to the total strains by [4] 11 22
where
Substituting Eq. (14) into Eq. (13), the following equations for TSDT can be obtained [4 
In Eq. (16) 
Navier solutions
The following boundary conditions for a simply supported FG sandwich panel are imposed at the side edges:
The transverse load q for the case of sinusoidally distributed load (SL) is stated as [4, 7, 36] :
where λ = π/a, μ = π/b, and q 0 denotes the intensity of the load at the center of the plate. Boundary conditions of Eq. (18) are satisfied using the following expansions according to the Navier solution [4] :
Substitution of Eq. (20) and applied load expansions [Eq. (19) ] in Eq. (13) yields a 5 × 5 system of the following equations:
The elements of matrix [L] were defined in [4] .
Optimization formulation
In addition to the representation choice of FGMs, the choice of optimization method also contributes significantly to the success of FGM design optimization procedures [2, 41, 44] . In this study, the metaheuristic algorithm NSGA-II was applied as the constrained multi-objective optimization method in the design optimization of an FG sandwich panel.
Formulation
In the present formulation, optimal material distribution was achieved by designing volume fractions' values at the control points and the material and thickness of the faces. The mathematical generic formulation of the constrained multi-objective optimization problem was written in the following form: Find decision variable (X) such that:
in which X = [X 1 , X 2 ,…,X K ] is the vector of decision variables, and f i (X) and g j (X) are the ith objective function to be minimized and the jth inequality constraint, respectively. Optimization parameters are treated as real values. In the above problem, there are K optimization parameters. Specific forms of the objective functions and inequality constraints are considered in Section 4.
NSGA-II
NSGA-II was suggested by Deb et al. [49, 50] . In this paper, NSGA-II incorporated an elite-preservation strategy, explicit diversity mechanism, crowded tournament selection operator [49, 50] , simulated binary crossover operator [50] [51] [52] , and hybrid polynomial mutation operator [53] . Details of these operators are not presented here for the sake of brevity.
Constraint-handling approach
In the present study, an effective parameterless constrainthandling method was utilized. The concept of this method was presented by Deb [50, 51] . For each solution ( ), n X the constraint violation for each constraint was calculated as follows:
where ( ) n X Ω is the overall constraint violation. In the presence of constraints, the following constrain-domination condition was defined for any two solutions. A solution n X is said to "constrain-dominate" a solution m X if any of the following conditions are true [50] : (1) 
Results and discussion
The constraint multi-objective optimization of FG sandwich panel which is subjected to SL (19) is presented in this section. The total mass of the FG panel and maximum of deflection are taken as the objective functions to be minimized simultaneously. The FG panel is designed according to von Mises stress criterion in the present model. Panel geometry (Figure 1 ) is considered as a simply supported square sandwich panel with the following data: aspect ratio a/b = 1, side to thickness ratio a/h = 10, q 0 = 10 MPa (at x 3 = h/2) and h = 0.1 m. Modeling of volume fraction distribution in the thickness direction of the core is achieved using nine evenly spaced control points. Sandwich panel skins could be considered homogeneous and isotropic with equal thickness (h f ). The material properties of the constituent phases for an isotropic Aluminum/ Alumina FG panel are presented in Table 1 . The following non-dimensional quantities are also used: 
Validation of the analytical solution
The simply supported Aluminum/Zirconia FG sandwich plate under sinusoidal load has been studied by Zenkour [4] . The results of analytical solution were validated by being compared with those of Zenkour [4] ( Table 2) . Sandwich panel geometry was considered as simply supported square panel with the following data: aspect ratio a/b = 1, side to thickness ratio a/h = 10 and h = 0.1 m (Figure 2 ). In this case, the volume fraction V (n) through the thickness 
The following non-dimensional quantities are also used :   2  0  3  3  11  11  13  13  2  2  0  0  0 
where E 0 = 1 GPa and the Young's modulus of Zirconia is 151 GPa. In Table 2 , three different sandwich panels similar to those of Zenkour are considered. 1-0-1, 1-1-1 and 1-2-1 represent sandwich panels with h f = h/2, h f = h/3, and h f = h/4, respectively. These sandwich panels include FG faces with different thicknesses and their cores are fully ceramic.
Multi-objective optimum design according to von Mises stress criterion
In this formulation, the stress constraint expresses that von Mises stress at any point in the FG sandwich panel should not exceed the yield stress. The schematic view of the set of design variables (X) in the chromosome form is presented in Figure 3 . The problem of constrained multiobjective minimization could be mathematically defined as follows: Find decision variable X such that: Figure 2: Geometry of square functionally graded sandwich panel [4] .
Volume fraction values at interior control points:
Volume fraction values at first and last control points: 
The parameters used for the NSGA-II procedure are stated in Table 3 where n = 10 is the number of decision variables. A population size of 100 was used and an algorithm with 10 different initial populations was run until T max = 250 generations. In addition, the archive size of nondominated solutions of N a = 100 was considered. NSGA-II was set to implement 10 runs, each to extract 1000 nondominated solutions in the aggregate. Then, these solutions were combined and sorted based on non-dominated ranking and crowded distances. The output of this procedure was the final optimal Pareto front that contained 434 individual non-dominated solutions ( Figure 4 ). As exhibited in Figure 4 , variations of the Pareto front for the non-dimensional mass and the dimensionless transverse displacement were in the range of 0.8087-1 (319-395 kg) and 0.2961-0.5715 (0.78-1.5 mm), respectively. According to Figure 4 , it is clear that increasing one of the objective functions led to a reduction in the other one; i.e. there was a conflict between mass function and displacement function. The obtained diversity in the geometry and arrangement of volume fraction of FG sandwich panel was the result of the aforementioned definition of decision variables (Figure 3) . It is important to note that the multi-objective optimization algorithms were guided to explore all possible arrangements in terms of volume fraction and geometry of the FG sandwich panel and find the non-dominated optimal solutions by considering the thickness of faces, materials of faces, and the variation of volume fractions of the core as decision variables (Figure 3) . In other words, the selection of material and thickness of faces as part of the decision variables was motivated by the fact that FGM structure arrangement could vary without any restrictions; i.e. the FGM structure arrangement in multi-objective optimization space could be a homogeneous plate, FGM plate (h f = 0), sandwich panel with homogeneous faces, and FGM core or sandwich panel with FGM faces and a homogeneous core. It should be mentioned that the achieved Pareto-optimal solutions with sandwich panel structure converged to symmetrical configurations.
In the presence of multiple Pareto-optimal solutions, the designer could make a better decision in selecting one final optimal solution by considering some other higher level information. It is also important to post-process the solutions based on design variables and the problem's constraints in order to acquire a good understanding of optimal solutions. The faces' thickness (h f ) parameter has a direct effect on control points and the variation of volume fractions through the thickness. In addition, there are interface surfaces in sandwich panels between the core and faces which could be critical stress points. It should be noted that the stress constraint has been checked through the thickness to prevent any constraint violation. In addition, interlaminar maximum von Mises stress means the maximum stress through the thickness except at x 3 = ± h/2. Therefore, sensitivity analyses of Pareto designs based on the aforementioned parameters will be reported in the following sections. 
Post-processing the Pareto optimal solutions
As can be seen, the interlaminar maximum von Mises stress ,max ( ) i v σ according to non-dimensional mass (m̅ ) for all Pareto designs is depicted in Figure 5 . It is obvious that optimal designs are divided into four different categories highlighted by means of various colors. It is necessary to figure out their distinct characteristics. Based on Figure 5 , they could be assorted into three separate groups. Subsequently, these groups have been explored according to design variables.
The face's materials are made of Al with 5 × 10 −6 h ≤ h f ≤ 1.1 × 10 −3 h for the green category. On the other hand, the face's thickness in the black solutions is between 0.10h and 0.25h and made of Alumina. In addition, the volume fractions of Alumina at four certain control points (v 2 , v 3 , v 7 , v 8 ) are larger than 0.3. It is evident that there is an overlap between the red and the blue categories in terms of m̅ . Furthermore, four different groups can be seen in Figure 6 in which ,max i v σ is shown according to h f . It can be noted that the blue solutions have experienced higher stresses than the red ones for similar interval of h f . Therefore, it can be concluded that the gradation of materials in the blue designs was steeper than that of the red ones, which means that the real distinct characteristic between them lies in the shape of their cores. It is determined that in the blue solutions 0.222h ≤ h f ≤ 0.250h (approximately the maximum possible values). On the other hand, volume fractions at all middle control points (v 2 , v 3 ,…,v 8 ) were below 0.3. It is also revealed that for the red designs, the face's thickness was in the range of 0.096h ≤ h f ≤ 0.246h. In addition, Alumina volume fractions were v 2 , v 8 Figure 7A -D via green, red, blue and black, respectively. As shown in Figure 7B and C, the blue solutions have wider cores made of nearly Al with minimum overlap with the red category, which could be interpreted as the main reason of separation between these two groups.
Finally, Pareto-optimal solutions based on four groups are shown in Figure 8 
Stress analysis
The variations of in the upper part (the green category) shown previously in Figure 6 , occurred in a different area, between control points 1 3 x and 2 3 x or 8 3 x and 9 3 x closer to the stiffer part of the FG faces 2 3 Al O (0.7965 0.9692). V ≤ ≤ According to Figure 11 , it can be claimed that the in-plane shear stress (τ 12 ) was the most dominant element of the stress tensor in the formation of the Pareto front based on the stress constraint because of the occurrence of max v σ at vertical edges of the sandwich panel (for example, x 1 , x 2 = 0 and −0.5 ≤ x 3 /h ≤ 0.5). Finally, the variations of σ v (0, 0, x 3 ) and S y are presented together for the same designs of Figure 11 in order to explore how our problem is constrained in terms of von Mises stress in Figure 12 (black, red, blue and green, respectively).
The variation of max 13 τ according to m̅ for all Pareto designs is illustrated in Figure 13A . It can be seen that the highest figures belong to the blue category which is caused by the steeper variation of volume fraction in this τ decreases as m̅ increases for the red and black groups, while it varies nonlinearly for the green ones when m̅ increases. The deflection of designs is also depicted versus max 13 τ in Figure 13B . It is important to note that max 13 τ for the green designs fluctuates slightly, but it increases dramatically as deflection increases for other groups. max 13 τ is also illustrated in Figure 13C according to its position. First of all, the existence of both negative and positive figures is due to the approximate convergence of symmetrical configuration of Pareto designs during the optimization process. Second, it can be seen that the farther the position of max 13 τ from x 3 = 0 is, the lower max 13 τ becomes for the green designs, while the opposite pattern can be observed for other groups. Finally, the transverse shear stress is depicted according to h f /h in Figure 13D in which max 13 τ increases as h f /h decreases for all categories except the green one.
In addition, the maximum and minimum figures of m̅ , w̅ , Table 4 in order to give more detailed information for the sake of a better comparison. It is also interesting that max 13 τ and ,max i v σ have occurred at the same position (x 3 /h = ± 1/2 − h f /h) for the blue category, while the former is placed at closer points to x 3 = 0 compared to the latter for the other three groups (Figure 14) . In Figure 15 
Conclusions
A method for the multi-objective optimization of simply supported Al/Alumina FG sandwich panel was presented under sinusoidal load. The volume fraction profile was defined based on control points equally spaced within the core thickness in conjunction with range-restricted interpolation by Hermite polynomials. Reddy's TSDT and the Navier-type exact solution were used to obtain displacements and stresses. Those volume fractions at control points and the material and thickness of the faces selected as decision variables were optimized by a multi-objective evolutionary algorithm known as NSGA-II. The mass and deflection of the model were considered as objective functions to be minimized with stress constraints. This model was optimized, and the optimal Pareto front was achieved.
The Pareto front was divided into two pieces. The lower part consisted of three different categories, in the general view, form a sandwich panel with faces made of Al 2 O 3 and an FG core. Conversely, the upper part accommodated all the designs of another category which had FG faces and a core made of Al. Sensitivity analyses of Pareto designs based on design variables (e.g. face thickness and volume fractions) and objective functions in terms of stress constraint were conducted, which led to finding the aforementioned categories. The stress behavior of optimal designs with FG faces was highly nonlinear according to objective functions and design variables, whereas the optimal solutions with solid faces followed a linear pattern. It can be claimed that the in-plane shear stress was the most dominant element of the stress tensor in the formation of the Pareto front based on the stress constraint because of the occurrence of maximum von Mises stress at vertical edges of the sandwich panel. It can be seen that the highest figures of transverse shear stress belonged to designs with stiffer solid faces and steeper variation of volume fraction.
